Abstract. We introduce and begin a systematic study of sublinearly contracting projections.
Introduction
This paper initiates a systematic study of contracting projections. The aim is to clarify and quantify ways in which a subspace of a geodesic metric space can 'behave like' a convex subspace of a hyperbolic space.
The definition of hyperbolicity captures the notion that a space is uniformly negatively curved on all sufficiently large scales. Following Gromov's seminal paper [21] , hyperbolic groups and spaces have been intensively studied and many generalizations of this notion have been considered.
One particular collection of ideas focus on finding 'hyperbolic directions', geodesics that have some of the features exhibited by geodesics in hyperbolic spaces, for instance, those that satisfy the Morse lemma, have superlinear divergence or satisfy some contraction hypothesis. These ideas find application to Mostow rigidity in rank 1 [29] , the Rank Rigidity Conjecture for CAT(0) spaces [4, 8, 11] , and hyperbolicity of the curve complex of a hyperbolic surface [24, 22] . Recently, the concept of strongly contracting projection has been a topic of intense interest in relation to mapping class groups and outer automorphisms of free groups [1, 7] , acylindrically hyperbolic groups [16, 28] , and contracting/Morse boundaries [30, 31, 13, 14, 25] .
We introduce a more general version of contracting projection than has been previously studied. Our main result is that this new version of contraction is equivalent to the Morse property and to a certain superlinear divergence property. We give quantitative links between these various geometric properties. We also generalize several fundamental theorems about stronger versions of contraction to our new, more general, context.
In this paper we establish fundamental results in a very general setting, so that they will be broadly applicable. Indeed, the novel version of contracting projections we introduce here is essential in a subsequent paper [3] , in which we explore the geometry of finitely generated graphical small cancellation groups, a class that includes the Gromov monster groups as notorious examples. In that paper we engineer finitely generated groups with Cayley graphs that mimic the surprising geometry of our examples from Section 3. In particular, the new spectrum of contracting behaviors in geodesic metric spaces that we discover here does appear in the setting of Cayley graphs of finitely generated groups. We also, in [3] , use the equivalence between sublinear contraction and the Morse property established here in Theorem 1.4 to characterize Morse geodesics in certain families of graphical small cancellation groups.
Since the preprint version of this article appeared there have already been other applications of our results, including work of Cordes and Hume [15] and Cashen and Mackay [12] on Morse boundaries of finitely generated groups and work of Aougab, Durham, and Taylor [2] on cocompact subgroups of mapping class groups and Out(F n ).
We give detailed introductions to the three main geometric properties in Sections 1.1, 1.2, and 1.3 and make precise statements of our results in Sections 1.4 and 1.5.
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1.1. Contracting projections. Let Y be a subspace of a geodesic metric space X, and let 0. The -closest point projection of X to Y is the map π Y : X → 2 Y sending a point x ∈ X to the set:
We do not assume the sets π Y (x) have uniformly bounded diameter. Note that given any x ∈ X, ∅ = Y ⊂ X, and > 0, the set π Y (x) is non-empty.
Definition 1.1. The -closest point projection π Y : X → 2 Y is (ρ 1 , ρ 2 )-contracting if the following conditions are satisfied.
• The empty set is not in the image of π Y .
• The functions 1 ρ 1 and ρ 2 are non-decreasing and eventually non-negative.
• The function ρ 1 is unbounded and ρ 1 (r) r.
• For all x, x ∈ X, if d(x, x ) ρ 1 (d(x, Y )) then:
• lim r→∞ ρ2(r) ρ1(r) = 0. We say that Y is (ρ 1 , ρ 2 )-contracting if there exists 0 such that π Y is (ρ 1 , ρ 2 )-contracting, see Definition 6.4. We say a collection of subspaces {Y i } i∈I is uniformly contracting if there exist ρ 1 and ρ 2 such that for all i ∈ I, the subspace Y i is (ρ 1 , ρ 2 )-contracting.
The rough idea is that, asymptotically as x gets far from Y , if B is a ball centered at x and disjoint from Y then the diameter of its projection is negligible compared to the diameter of B. More accurately, this is true at a specific scale -when the radius of B is ρ 1 (d(x, Y )). We claim no finer control of the projection diameter when B has smaller radius.
For a simple, but conceptually useful, example, consider a circle X and an arc Y ⊂ X. Take ρ 1 (r) := r, and let ρ 2 be the constant function whose value is the distance between the endpoints of Y . Then π 0 Y is (ρ 1 , ρ 2 )-contracting. There is a unique point x ∈ X farthest from Y . The ball B of radius
The simplest example that is not (ρ 1 , ρ 2 )-contracting for any choice of ρ 1 and ρ 2 is to take X to be the Euclidean plane and take Y to be a geodesic. Then the diameter of π 0 Y of any ball is equal to the diameter of the ball, so we cannot satisfy lim r→∞ ρ2(r) ρ1(r) = 0. The simplest contracting example with Y unbounded is to take X to be a tree and Y to be an unbounded convex subspace.
In more general δ-hyperbolic spaces, -closest point projection to a geodesic is (r, D)-contracting for some D depending only on δ and . Such a case, when ρ 1 (r) := r and ρ 2 is bounded, is called strongly contracting. 1 The term 'function' always refers to a real valued function whose domain, unless otherwise noted, is the non-negative real numbers.
Pseudo-Anosov axes in Teichmüller space are strongly contracting [24] , as are iwip axes in the Outer Space of the outer automorphism group of a free group [1] and axes of rank 1 isometries of CAT(0) spaces [4, 8] .
We say that π Y is semi-strongly contracting if it is (ρ 1 , ρ 2 )-contracting for ρ 1 (r) := r/2 and ρ 2 bounded. Related notions have been considered in the context of the mapping class group of a hyperbolic surface [22, 5, 19] .
We say that π Y is sublinearly contracting if it is (ρ 1 , ρ 2 )-contracting for ρ 1 (r) := r. In this case the definition implies ρ 2 is a sublinear function, see Definition 2.1. Similarly, π Y is logarithmically contracting if it is (ρ 1 , ρ 2 )-contracting for ρ 1 (r) := r and ρ 2 logarithmic.
A schematic diagram of different contracting behaviors is given in Figure 1 . A wide range of examples are presented in Section 3.
Not contracting
Sublinearly contracting Strongly contracting The subspace Y is called Morse, or is said to have the Morse property, if it µ-Morse for some function µ. A collection of subspaces {Y i } i∈I is said to be uniformly Morse if there exists a function µ such that for all i ∈ I the subspace Y i is µ-Morse.
Morse quasi-geodesics have been intensively studied: they play a key role in boundary theory for hyperbolic and relatively hyperbolic groups. Recently, the Charney school [30, 31, 13, 14, 25] has been generalizing such boundary theories to arbitrary proper geodesic metric spaces using the so called 'Morse boundary' consisting of asymptotic equivalence classes of Morse rays.
Morse quasi-geodesics have been characterized 2 in terms of cut-points in asymptotic cones [17] : a quasi-geodesic q in X is Morse if and only if every point x in the limit q of q in any asymptotic cone C of X is a cut-point separating ends of q; that is, C {x} has at least two connected components containing points of q. Cut-points in asymptotic cones are a key element of the proof of the quasiisometry invariance of relatively hyperbolic (asymptotically tree-graded) spaces [18] . It remains a very important open question to determine whether a space in which every asymptotic cone admits a cut-point necessarily admits a Morse quasi-geodesic.
As a result, it is of great interest to find and classify Morse quasi-geodesics. If a solvable group admits a Morse quasi-geodesic then it is virtually cyclic, and the same holds for any other group satisfying a non-trivial law, for instance, a torsion group with bounded exponent [18] . At the other extreme, every quasi-geodesic in a hyperbolic space is Morse. There are non-trivial classifications of Morse quasi-geodesics for relatively hyperbolic groups [27] and CAT(0) spaces [4, 8, 31] . We use the tools of this paper to perform such a classification for graphical small cancellation groups in [3] .
1.3. Divergence. Closely related to the study of Morse quasi-geodesics is the notion of divergence. The definition is technical, so we postpone it until Definition 5.1. The idea is that the divergence of a quasi-geodesic γ in a space X is a function whose value at r is the minimal length of a path in X circumventing a ball of radius r centered on γ. In our version of divergence we allow the forbidden ball to be centered at different points of γ for different values of r. Some authors require the balls to have fixed center at γ(0).
Morse geodesics were used to produce cut points in asymptotic cones. Divergence can be used to rule them out [17] : if G is a finitely generated group then no asymptotic cone of G admits a cut point if and only if there exists a constant K such that for any finite geodesic [a, b] with midpoint c, there is a path from a to b avoiding the ball centered at c with radius d(a, b)/4 − 2 of length at most Kd(a, b) + K. The interplay between divergence and Morse quasi-geodesics is explored in [17] and [6] .
Morally, for a quasi-geodesic γ the Morse property and linear divergence are opposites. The Morse property says good (quasi-geodesic) paths between points of γ stay close to γ, and linear divergence says it is easy for a path between points of γ to stray far from γ. However, there are some subtleties. There are groups that admit quasi-geodesics with superlinear divergence, yet have an asymptotic cone with no cut point, and therefore no Morse quasi-geodesics [26] . By construction, for each of these groups there is an unbounded sequence (r n ) such that the divergence is linear (it satisfies the above conditions for a fixed K) whenever d(a, b) = r n for some n. We say a geodesic metric space has completely superlinear divergence if no such unbounded sequence exists. We show in Theorem 1.5 that this is the precise divergence property that characterizes Morse quasi-geodesics.
Main theorems.
Restricted to quasi-geodesics, our main results say: Theorem 1.3. Let X be a geodesic metric space. Let γ be a quasi-geodesic in X. The following are equivalent:
(1) γ is sublinearly contracting.
(2) γ is Morse. (3) γ has completely superlinear divergence.
Special cases of this theorem have appeared before. If X is hyperbolic then these conditions are well-known properties of arbitrary quasi-geodesics, and conditions (1) and (3) can be strengthened to 'strongly contracting' and 'at least exponential divergence', respectively. If X is CAT(0) and γ is a geodesic then this is a recent theorem of Charney and Sultan [13] . In that case, conditions (1) and (3) can be strengthened to 'strongly contracting' and 'at least quadratic divergence', respectively. Our theorem establishes these equivalences in full generality.
The Morse and contraction properties make sense for subspaces of X, not just quasi-geodesics. Our main theorem is: Theorem 1.4. Let Y be a subspace of a geodesic metric space X. Let 0 be such that π Y does not contain the empty set in its image. The following are equivalent:
(1) There exists µ :
Moreover, in each implication we bound the parameters of the conclusion in terms of the parameters of the hypothesis, independent of Y .
Divergence, on the other hand, is specialized to quasi-geodesics. Theorem 1.5. Let γ be a quasi-geodesic in a geodesic metric space X. The following are equivalent:
(1) γ is Morse.
(2) γ has completely superlinear divergence. Moreover, the Morse function can be bounded in terms of the divergence function, independent of γ.
We mention a further characterization of Morse quasi-geodesics: It can be shown fairly easily that a quasi-geodesic γ : I → X is Morse if and only if the collection of its subsegments {γ J | J is a subinterval of I} is uniformly Morse. Moreover, the Morse functions for γ and for the subsegments can be bounded in terms of one another and the quasi-geodesic constants of γ. The quantitative nature of the equivalences in Theorem 1.4 then implies that γ is Morse if and only if the collection of its subsegments is uniformly contracting.
1.5. Further applications. We consider several important theorems about strongly contracting projections that have appeared in the literature, and generalize them by proving sublinear analogues.
The first of these results is the 'Bounded Geodesic Image Property', cf [23, 8] . This says that if π Y is strongly contracting then there exist constants A and B such that if γ is a geodesic segment with
In fact, this property is equivalent to strong contraction. We prove, in Theorem 
where x and x are the endpoints of γ.
The second strong contraction result is one of the 'Projection Axioms' of Bestvina, Bromberg, and Fujiwara [7] . 
Finally, a theorem of Masur and Minsky [22] says, approximately and in our language, that if for every pair of points in a geodesic metric space X there exists a path between them such that these paths all admit semi-strongly contracting projections, with contraction constants uniform over the family of paths, then the space X is hyperbolic. Our Corollary 8.4 says the conclusion still holds if 'semi-strongly contracting' is weakened to 'sublinearly contracting'.
1.6. Robustness. In Section 6 we investigate the following question: Let π Y be (ρ 1 , ρ 2 )-contracting. What effect does changing ρ 1 , , or Y have on this property, in terms of ρ 2 ?
We obtain optimal answers when ρ 1 (r) = r, see Lemma 6.2 and Lemma 6.3. It would be interesting to have good quantitative results in more general cases.
The Morse property is invariant under quasi-isometry, so, by Theorem 1.5, the property of being sublinearly contracting is also a quasi-isometry invariant. Very little is known, however, about how the contraction parameters vary under quasi-isometry. In a subsequent paper [3] we demonstrate that strong contraction is not preserved by quasi-isometries.
Preliminaries
A geodesic is an isometric embedding of an interval. A metric space X is geodesic if for every pair of points x, x ∈ X there exists a geodesic connecting them.
The Hausdorff distance between non-empty subspaces Y and Z of X is the infimal C such that Y ⊂ N C (Z) and Z ⊂ N C (Y ). Two subspaces are C-Hausdorff equivalent if the Hausdorff distance between them is at most C.
Given L 1 and A 0, a map φ :
Definition 2.1. A function f is sublinear if it is non-decreasing, eventually non-negative, and lim r→∞ f (r) r = 0. We write f g if there exist constants C 1 > 0, C 2 > 0, C 3 0, and C 4 0 such that f (r) C 1 g(C 2 r + C 3 ) + C 4 for all r. This partial order gives an equivalence relation f g if f g and f g. If f g we say f and g are asymptotic.
Examples of contraction
We begin with a classical example.
Example 3.1. Let X be the hyperbolic plane, with the upper half-space model, and let Y be the geodesic that is the upper half of the unit circle, see Figure 2 . Pick any point x / ∈ Y . Up to isometry, we may assume x sits on the y-axis above Y . The ball of radius d(x, Y ) about x is contained in the horoball
2))-contracting.
We now construct examples exhibiting a wider range of contracting behaviors than have appeared previously in the literature. The map φ :
is a bijection by assumption. We set σ(0) := φ(A) and, for i ∈ N, recursively define
Let Y := [0, ∞) be a ray. For i ∈ N ∪ {0}, let Z i be a segment of length σ(i) with endpoints labelled y i and z i . Identify y i with the point i in Y . Let W i be a segment of length σ(i + 1) − σ(i) + 1 connecting z i to z i+1 . Let X be the resulting geodesic metric space. See Figure 3 .
Let x i be the point of
It is easy to see that each complementary component of X (Y ∪ {x i } i∈N∪{0} ) projects to a single point of Y . Now consider the ball of radius ρ(d(x, Y )) about some x. First assume x ∈ W i for some i. Our assumptions on ρ yield:
The function σ is the inverse of an Abel
The latter may contain x i and x i+1 but no other x j . If, on the other hand, x is in some
Observe that
Concrete examples include:
• ρ(r) := 2 √ r − 1 and A = 1 and σ(r) := r 2 .
• ρ(r) := r/2 and A = 2 and σ(r) := 2 r . This is an example of semi-strong contraction.
• ρ(r) := min{r, r − log 2 r} and A = 2 and σ(r) := 2 ↑↑ r.
In Knuth's 'up-arrow notation' 2 ↑↑ r denotes tetration, so that 2 ↑↑ r = 2
The following proposition shows that it is sometimes possible to 'trade' between the input and output contraction functions, so we can use Example 3.2 to demonstrate further examples of (ρ 1 , ρ 2 )-contraction conditions.
where B is a constant and ρ = ρ 1 is a non-decreasing, non-negative, unbounded function such that Id − ρ is unbounded and such that there exists a constant A such that ρ(A) > 0 and 0 ρ(a + b) − ρ(a) < b for all a A and b > 0. Define
Proof. Observe as in Example 3.2 that the map φ :
and that, since φ is strictly increasing for x A, the collection
We show that ρ 2 (r) := Bα(r) will suffice. It follows from unboundedness of ρ that ρ 2 is sublinear: we have ρ 2 α. The map α is a step function with steps of height 1, so it is sufficient to show that the lengths of the steps go to infinity, ie
Since φ −n−1 (A ) → ∞ as n → ∞ as argued in Example 3.2 and since ρ goes to infinity, sublinearity follows.
Let x and y be points of
) and while r 0 − r i d(x, y), define r i+1 := φ(r i ). Note that this is well-defined, ie r i A, since r 0 − r i d(x, y) r 0 − A. Let k be the largest index such that r 0 − r k d(x, y). Then the fact that φ α(r0) (r 0 ) < A and the observation we just made shows k < α(r 0 ).
Fix a geodesic from x to y and for 0 i k define x i to be the point at distance r 0 − r i from x along this geodesic. Define •
• Finally, (r − log 2 r, 2)-contracting implies (r − 2, ρ 2 )-contracting for ρ 2 superlog 2 .
That the converse to Proposition 3.3 can fail follows from the next example.
Example 3.4. Let ρ 2 be a sublinear function such that 0 < ρ 2 (r) < r. Let Y be a line. Choose a collection of disjoint intervals {I i } i∈N of Y such that |I i | = ρ 2 (i) and let y i be the center of I i . Connect the endpoints of I i by attaching a segment J i of length 4i, and let x i be the center of this segment. Let X be the resulting geodesic space, see Figure 4 . We claim π 0 Y is (r, ρ 2 )-contracting.
This proves the claim. Furthermore, ρ 2 is optimal, in the following sense:
The Morse property
The following two propositions establish our main result, Theorem 1.4. Let γ be a continuous (L, A)-quasi-geodesic with endpoints on Y . Take E to be sufficiently large so that ρ 1 (E) > 3A and for all r E we have
We show there exists a T independent of γ and Y such that b − a T . We conclude by
. Applying the contraction condition to the points γ(t i ), we see:
This allows us to estimate:
On the other hand, since γ is a (L, A)-quasi-geodesic, we have:
Combining this with the previous inequality and rearranging terms, we have:
, by our choice of E; combined with (1), this gives us:
This estimate and the fact that γ is a quasi-geodesic give us a bound for b − a. We remark that since an (L, 0)-quasi-geodesic is also an (L , 0)-quasi-geodesic for any L > L, there is no loss in requiring the Morse function to be non-decreasing.
Proof. Consider the optimal contraction function:
Our goal is define a function ρ depending on µ and that is non-negative, non-decreasing, and sublinear and such that ρ is an upper bound for ρ. Define ρ (r) := 0 if = 0 and µ ≡ 0. In this case ρ clearly has the first three properties. Otherwise, we first replace µ by s → inf t>s µ(s). The new µ still satisfies the hypotheses of the proposition and has that additional property that it is right continuous: lim t→s + µ(t) = µ(s) for all s 1. Define ρ (0) := 2 and for r > 0 define:
If µ ≡ 0 then ρ increases linearly from 2 to 12 and then remains constant, so it is non-negative, non-decreasing, and sublinear.
If
This is a contradiction, since the left-hand side grows without bound while the right-hand side is bounded above by 18µ(
Y ) r whose projection diameters nearly realize ρ(r). Take a path γ that is a concatenation of geodesics from a projection point of x to x, then from x to y, then from y to a projection point of y.
3 we show that we can make γ into an (L, 0)-quasi-geodesic γ by introducing at most two shortcuts in a particular way. The Morse hypothesis implies that γ is contained in the µ(L)-neighborhood of Y . We then argue that the condition d(x, y) d(x, Y ) implies:
In the case that = 0 and µ ≡ 0, this gives a contradiction, which means that there is no r for which ρ takes a positive value, and we have ρ(r) = ρ (r) = 0 for all r. Otherwise, plugging the value of L into (2), we conclude that ρ(r) participates in the supremum defining ρ (r), whence ρ(r) ρ (r). 
This implies x = x , because x and z lie on a geodesic subsegment of γ . We estimate: 
Case 2: D takes a non-positive value on an element of
γ be a subsegment of γ maximal with respect to inclusion among subsegments for which D takes non-positive values on endpoints, with x ∈ [p x , x] γ . Since we are not in Case 1, q x ∈ (x, y) γ . Now consider whether or not
with q y ∈ [q x , y) γ and y ∈ (y, p y ] on which D takes non-positive values on endpoints. We claim that q y ∈ (q x , y) γ and D(q y , y ) = 0, because if D(q y , y) < 0 and q y = q x then we can enlarge the subsegment, contradicting maximality, while if q y = q x then D(x , y ) 0, contradicting the assumption that we are not in Case 1.
In either of these cases, we claim γ is an (L, 0)-quasi-geodesic. This follows by verifying that the distance between points in distinct geodesic components of γ have distance at least equal to the length of the subsegment of γ they bound divided by L. The strategy is to suppose D attains a strictly negative value and then either derive a contradiction to maximality of [x , q x ] γ or [q y , y ] γ or to the assumption that we are not Case 1. The arguments are substantially similar to the computations in Case 1 and are left to the reader. We have shown how to produce an (L, 0)-quasi-geodesic γ from γ. We now proceed to show ρ(r) ρ (r) for any r such that ρ(r) > 0. Since ρ(r) > 0 there exist x and y such that 
3 , so that ρ(r) < 6µ(L) + 6 .
Case c: γ comes from Case 2. In this case γ contains a geodesic segment from a point x ∈ [p x , x] γ to a point q x ∈ [x, y] γ . As in the previous case, d ( 
, since both these points belong to γ , so:
The resulting bound on ρ(r) is the largest of the three cases, and establishes the bound of (2), completing the proof.
Divergence
In this section we relate divergence to contraction and the Morse property, thereby proving Theorem 1.5.
There is a link between the Morse property and superlinear divergence via asymptotic cones [17] . Although this principle is well-known, there are competing definitions of 'superlinear' and 'divergence', so we give a detailed proof of Theorem 1.5 in terms of our definitions. Our analysis actually yields more. In the introduction we claimed that for a quasi-geodesic the Morse property, hence, sublinear contraction, is morally the opposite of high divergence. We prove a precise technical formulation of this claim in Proposition 5.5. Roughly speaking, the result we obtain is that if divergence of a quasi-geodesic γ is greater than a function f then almost closest point projection to γ is (r, f −1 )-contracting. Notice that if γ is a geodesic, λ := 1/2, and κ := 2 we recover the definition of divergence we gave in the introduction.
We make the convention that ∞ ∞.
In light of the following lemma, γ has a well defined divergence, up to equivalence of functions, and we use ∆ γ (r) to denote the equivalence class of ∆ γ (r; L, A, λ, κ).
Then for any sufficiently large C 0 the affine function θ : r → M r − C satisfies:
Fix s ∈ R and let P be any path from γ(s − r) to γ(s + r) that is disjoint from the ball of radius λ(L −1 r − A) − κ centered at γ(s). By the above inequality it is also disjoint from the ball of radius λ ((L ) −1 θ(r) − A ) − 2κ about γ(s). Let {x 0 , x 1 , . . . , x l } be the set [s − r, s − θ(r)] ∩ (Z ∪ {s − r, s − θ(r)}) in descending order and let P − be the path from γ(s − θ(r)) to γ(s − r) obtained by concatenating geodesics [γ(x i ), γ(x i+1 )]. Define a path P + from γ(s + r) to γ(s + θ(r)) similarly. Since κ L + A , the paths P − and P + are disjoint from the ball of radius λ ((L ) −1 θ(r) − A ) − κ centered at γ(s). Define P to be the path from γ(s − θ(r)) to γ(s + θ(r)) obtained by concatenating P − , P , and P + . Now, for each r choose s and P so that |P | 1 + ∆ γ (r; L, A, λ, κ). Then ∆ γ (θ(r); L , A , λ , κ ) |P | + 2(L(r − θ(r)) + A). Since γ is quasi-geodesic, r L|P | + LA, so the right-hand side can be bounded by an affine function of ∆ γ (r; L, A, λ, κ). This proves one direction of the equivalence. The other follows immediately by reversing the roles in the above argument.
We first give an example of the relationship between divergence and contraction. Our next proposition proves the implication (2) =⇒ (1) of Theorem 1.5. It also gives a quantitave link between high divergence and contraction.
Definition 5.4. We say a function g is completely super-f if for every choice of C 1 > 0, C 2 > 0, C 3 0, and C 4 0 the collection of r ∈ [0, ∞) such that g(r) C 1 f (C 2 r + C 3 ) + C 4 is bounded.
Proposition 5.5. Let γ be a quasi-geodesic in a geodesic metric space X. Suppose the empty set is not in the image of π γ . Let f (r) r be an increasing, invertible function. If γ has completely super-f divergence, then there exists a function ρ such that π γ is (r, ρ)-contracting and lim r→∞ ρ(r) f −1 (r) = 0. In particular, if γ has completely superlinear divergence then there exists a sublinear function ρ such that π γ is (r, ρ)-contracting.
Proof. Let γ be an (L, A)-quasi-geodesic. Define:
To see that π γ is (r, ρ)-contracting we must show that ρ is sublinear. Since f (r) r, it suffices to prove the second claim:
Suppose for a contradiction that lim sup r→∞ ρ(r) f −1 (r) > 0. Then there exist c > 0; sequences (x n ) and (y n ) with x n , y n ∈ X, d(x n , γ) n, and d(x n , y n ) d(x n , γ); and x n ∈ π γ (x n ) and y n ∈ π γ (y n ) such that:
Let a n and b n be such that γ(a n − b n ) = x n and γ(a n + b n ) = y n . Define m n := γ(a n ) and
. By (3) and the facts that f −1 is unbounded and increasing, lim n→∞ R n = ∞. Choose 0 < λ < 1 4 and κ := L + A. If there is a geodesic from x n to y n containing a point z such that d(z, m n ) λR n , then:
Thus, R n 1−4λ . If there is a geodesic from x n to x n or from y n to y n containing a point z such that d(z, m n ) λR n , then a similar argument shows R n 1−2λ . Since R n → ∞, for all sufficiently large n and any choice of path p n that is a concatenation of geodesics [x n , x n ], [x n , y n ], [y n , y n ], the path p n remains outside the ball of radius λR n about m n . This gives us a path of length at most 4d(x n , γ) + 2 from γ(a n − b n ) to γ(a n + b n ) that remains outside the ball of radius λ bn L − A about γ(a n ).
On the other hand, (3) implies:
We conclude that for all sufficiently large n the (L, A, λ, κ)-divergence of γ evaluated at b n is at most 2 + 4f 2bnL+A c
, which contradicts the hypothesis that the divergence is completely super-f .
The previous result can be strengthened to the statement:
Proposition 5.6. Let f be an increasing, invertible, completely superlinear function satisfying the following additional condition:
If the divergence of γ is at least f then γ is (r, ρ)-contracting for some function ρ f −1 .
Proof. For a contradiction we suppose that ρ f −1 and replace (3) with d(x n , y n ) nf −1 (d(x n , γ) ). Using the same method as in the proof of Proposition 5.5, we deduce that for all sufficiently large n the (L, A, λ, κ)-divergence of γ evaluated at b n is at most 2 +4f
2bnL+A n . Let c n := b n /n and M := max{2 , 4, 2L, A}. Then, since f is increasing:
The left-hand side is unbounded as n grows, so we immediately obtain a contradiction if the sequence (c n ) n∈N is bounded. If the sequence is unbounded then, by passing to a subsequence, we may assume c n > 1 for all n. In this case the inequality (4) holds for all n, which contradicts condition ( * ). is completely superlinear, but does not satisfy ( * ), since f (n2
Corollary 5.7. If a quasi-geodesic γ has divergence at least r k then γ is (r, r 1/k )-contracting. If it has exponential divergence, then γ is logarithmically contracting. Finally, if it has infinite divergence, then it is strongly contracting.
Here infinite divergence means ∆ γ (r) = ∞ for all r large enough. Example 5.3 shows these conclusions are optimal.
We now address the implication (1) =⇒ (2) of Theorem 1.5. In this direction we can show that the Morse property implies completely superlinear divergence, but we do not get explicit control of the divergence function in terms of the Morse function, see Proposition 5.10.
There is one special case in which we can say more. Charney and Sultan [13] recently gave a proof 5 that if α is a Morse geodesic in a CAT(0) space then α has at least quadratic divergence. Essentially the same argument gives a general result:
Lemma 5.9. Let X be a geodesic metric space. Let a, b, c, d ∈ X and r > 0 satisfy the following conditions: Proof. We prove the contrapositive. Let γ be an (L, A)-quasi-geodesic and suppose its divergence is not completely superlinear. Then there exists C > 0 for which there exists an unbounded sequence of numbers r n 1 and paths p n such that:
(1) There exists a sequence of real numbers s n such that the endpoints of p n are x n = γ(s n − r n ) and y n = γ(s n + r n ).
We may assume all r n 4AL so point (3) can be replaced by:
3 . p n does not intersect the ( rn 4L )-neighborhood of m n := γ(s n ). Our goal is to construct uniform quasi-geodesics γ n from x n to y n that avoid increasingly large balls around m n . Set x n,0 := x n and define x n,1 to be the last point on p n for which we have d(x n,0 , x n,1 ) = r n /8L. Similarly define x n,i to be y n if d(x n,i−1 , y n ) < r n /4L or to be the last point on p n satisfying d(x n,i−1 , x n,i ) = r n /8L otherwise.
Note that y n = x n,kn for some
We have that |γ 
, which is bounded, contradicting the lower bound above.
A finitely generated group is called constricted if all of its asymptotic cones have cut points [18] .
Corollary 5.11. Suppose there exists a quasi-geodesic γ with completely superlinear divergence in a geodesic metric space X. In every asymptotic cone of X every point of the ultralimit of γ is a cut point.
In particular, a finitely generated group is constricted if one of its Cayley graphs contains a quasigeodesic with completely superlinear divergence.
Olshanskii, Osin, and Sapir [26, Corollary 6.4 ] build a group that has an asymptotic cone with no cut point such that the group has a Cayley graph with geodesics of superlinear divergence. These geodesics are therefore not Morse. They explicitly state that their construction yields geodesics that are not completely superlinear. Corollary 5.11 shows that this will be the case in any such construction.
Robustness
Suppose that π Y is (ρ 1 , ρ 2 )-contracting. In this section we investigate the extent to which ρ 2 is affected by changes to ρ 1 , , or Y .
Clearly π Y is (ρ 1 , ρ 2 )-contracting for ρ 1 ρ 1 . From Theorem 1.4 we know that π Y is (r, ρ 2 )-contracting for some ρ 2 depending on ρ 1 and ρ 2 . For this ρ 2 , it follows that π Y is (ρ 1 , ρ 2 )-contracting for every ρ 1 ρ 1 r.
In general ρ 2 and ρ 2 are not asymptotic. For example, if π Y is (r/2, B 1 )-contracting it is (r, ρ 2 )-contracting for ρ 2 log 2 , as in Proposition 3.3, but not necessarily (r, B 2 )-contracting for some constant B 2 , by Example 3.2. One well-known special case is that (r/M, B 1 )-contracting for M > 1 and B 1 bounded implies (r/2, B 2 )-contracting for some bounded B 2 , see, eg, [30] .
The output contraction functions are asymptotic when the input function is changed by an additive constant: ρ 2 )-contracting for ρ 1 (r) = ρ 1 (r) − C, with ρ 1 (r) r and C 0, then π Y is (ρ 1 , ρ 2 )-contracting for some ρ 2 ρ 2 .
Proof. Let C := sup{r | ρ 1 (r) C}. Suppose that x and y are points with , Y ) ). Otherwise, let z be a point on a geodesic from x to y such that d(x, z) = ρ 1 (d(x, Y ) ). This implies d(y, z) C. Now:
. Combining these cases, we see that
Thus, it suffices to take ρ 2 (r) := 2ρ 2 (2r) + 2(C + C + ).
Next, consider changes to the projection parameter. 
Finally, consider changes to the target of the projection map. Lemma 6.3. Let Y and Y be subspaces of a geodesic metric space X at bounded Hausdorff distance from one another. Suppose that π Y is (ρ 1 , ρ 2 )-contracting. Then π Y is (r, ρ 2 )-contracting for some ρ 2 . If ρ 1 (r) = r then we can take ρ 2 ρ 2 .
Proof. Let C be the Hausdorff distance between Y and Y .
For every x ∈ X we have π Y (x) ⊂ N C (π +2C Y (x)). The result now follows easily from Lemma 6.2.
In light of Lemma 6.2, we can speak of the set Y being a contracting set if some -closest point projection to Y is contracting. 
Geodesic image theorem
In this section we give an additional characterization of sublinear contraction in terms of projections of geodesic segments. (1) There exist a sublinear function ρ and a constant C 0 such that for every geodesic segment γ ⊂ X, with endpoints denoted x and y, if
There exist a sublinear function ρ and a constant C 0 such that for every geodesic segment
Moreover, ρ ρ ρ .
See Figure 3 , letting γ be a subsegment of ∪ i W i . The case that Y is strongly contracting, that is, ρ is bounded, recovers the well-known 'Bounded Geodesic Image Property', cf [23, 8] . 
This proves (1) 
Since γ is a geodesic:
We can also bound d(x, y) in terms of the projections to Y :
Combining (6) and (7) gives us the estimate:
Define R n 0 such that for all r R n we have 0
) for all i. These bounds, along with (8), (5) , and
By construction, E > 0, so to prove (2) it suffices to take C := R 2 and ρ(r) := 4 + 12ρ (r).
To prove (1) we suppose
Thus, it suffices to take ρ (r) := 4 + 12ρ (4r).
Further applications
First, we prove a general result. 
Whence: Proof. Since Y is µ-Morse, there is a sublinear function ρ depending only on µ such that Y is (r, ρ )-contracting, by Proposition 4.2.
Note that p ∈ π Y (p ). Choose q ∈ Y and q ∈ π Y (q ). Let γ be a geodesic from q to q , let α be a geodesic from p to p , and let x ∈ α and y ∈ γ be points such that d(x, y) = d(α, γ). The setup is the same as in Proposition 8.1, and we make the corresponding definitions of δ, δ , etc. We also have the following applications of the first part of Proposition 8.1: Corollary 8.3. A geodesic triangle in which two of the sides are µ-Morse is δ-thin, with δ depending only on µ.
Corollary 8.4. Suppose X is a geodesic metric space and P is a collection of (ρ 1 , ρ 2 )-contracting paths such that for every pair of points x, y ∈ X there exists a γ ∈ P with endpoints x and y. Then X is δ-hyperbolic, with δ depending only on ρ 1 and ρ 2 .
Corollary 8.4 is an analogue of [22, Theorem 2.3] , which is roughly the same statement when the paths in P are all semi-strongly contracting with uniform contraction parameters. Corollary 8.5. Let G be a group generated by a finite set S. Suppose there exist functions ρ 1 and ρ 2 and, for each g ∈ G, a path α g from 1 to g in Cay(G, S) that is (ρ 1 , ρ 2 )-contracting. Then G is hyperbolic.
We must assume uniform contraction in Corollary 8.5, even for finitely presented groups. Druţu, Mozes, and Sapir [17] show that if H is a finitely generated subgroup of a finitely generated group G and h ∈ H is a Morse element in G, that is, h is Morse in some, hence, every, Cayley graph of G, then h is a Morse element in H. Thus, if H is a finitely generated subgroup of a torsion-free hyperbolic group then every element of H is Morse. However, Brady [9] constructed an example of a finitely presented subgroup H of a torsion-free hyperbolic group G such that H is not hyperbolic.
Fink [20] claims that if all geodesics in a homogeneous proper geodesic metric space are Morse, then the space is hyperbolic. First is an assertion, [20, Proposition 3.2] , that if every geodesic is Morse then the collection of geodesics is uniformly Morse, ie, there exists a µ such that every geodesic is µ-Morse. Then an asymptotic cone argument is used to conclude the space is hyperbolic. This second step can now be accomplished via our Corollary 8.4 without resort to the asymptotic cone machinery.
